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We consider the properties of the small-signal modulation response of symmetry-breaking phase-
locked states of twin coupled semiconductor lasers. The extended stability and the varying asym-
metry of these modes allows for the introduction of a rich set of interesting modulation response
features, such as sharp resonances and anti-resonance as well as efficient modulation at very high
frequencies exceeding the free running relaxation frequencies by orders of magnitude.
I. INTRODUCTION
The optical coupling of two or more semiconductor
lasers and its effects on the output of such systems have
been intensively studied for more than four decades [1]
both theoretically and experimentally. The coupling in-
troduces a rich set of complex dynamical features in the
system such as phase locking, instabilities, bifurcations
and limit cycles [2–6]. From the technological point of
view, systems of coupled semiconductor lasers offer ca-
pabilities for numerous integrated photonics applications
[7] as transmitters in high-speed optical communications
and optical interconnects, high-power laser sources, tun-
able photonic oscillators, controllable optical beam shap-
ing and steering elements and ultrasensitive sensors [8–
12]. The underlying model of such structures is a sys-
tem of coupled rate equations governing the time evo-
lution of the electric fields amplitudes and phases as
well as the carrier dynamics, with the carrier-induced
nonlinearity playing a crucial role due to a non-zero
linewidth enhancement factor describing an amplitude-
phase coupling mechanism [13]. For most of the impor-
tant technological applications, the existence of stable
phase-locked modes is crucial for the coherent emission
of optical power. In addition, the functionality of the
system depends crudially on the capability of modulat-
ing its output by varying injection currents [14–18]. For
single semiconductor lasers the upper limit for efficient
modulation is restricted by its relaxation oscillation fre-
quency that typically cannot exceed a few GHz [19]. An
increased electrical pumping rate increases the relaxation
oscillation frequency where the resonance takes place but
cannot control the profile of the modulation response.
More complex configurations based on optical injection
schemes have also been considered for the control of the
modulation response of the system [20–26]. However,
these configurations neccesitate the utilization of an op-
tical isolator which is quite challenging for photonic in-
tegration [27]. The simplest system of coupled semicon-
ductor lasers, that can be used in integrated photonic
circuits, consists of a pair of twin lasers with equal pump-
ing. It is known that out-of-phase modulation of the two
lasers can result in effective modulation beyond the re-
laxation oscillation frequency [28–30]. However, the fact
that the stability of the modulated phase locked state is
restricted in the parameter space of the system may ren-
der such results impractical for realistic applications [31].
In a recent work, we have uncovered the existence of a
new symmetry-breaking phase-locked state that is sta-
ble for a much larger region of the parameter space for
the whole range of values of the optical coupling coeffi-
cient [32, 33], in comparison to the well-known symmetric
states [3].
In this paper, we explore the small signal modula-
tion response of the system, when these stable phase-
locked states of varying asymmetry are modulated. We
show that the extended stability along with the asym-
metric character of these states, results in a frequency
response with a rich set of qualitatively different fea-
tures, including the asymmetry of the amplitude response
of the two lasers, the existence of sharp resonances and
anti-resonances as well as the capability of efficient stable
modulation of the system at extremely high frequencies
that are orders of magnitudes larger than its free running
relaxation frequency.
II. RATE EQUATION MODEL AND
SYMMETRY-BREAKING PHASE LOCKING
The dynamics of an array of two indentical evanes-
cently coupled semiconductor lasers is governed by the
following coupled single-mode rate equations for the am-
plitude of the normalized electric fields Xi, the phase
difference θ between the fields and the normalized excess
2Symbol Parameter Value
α Linewidth enhancement factor 4
τc Carrier lifetime 2ns
τp Photon lifetime 2× 10
−3ns
T Ratio of carrier to photon lifetime 1000
Λ Normalized coupling coefficient 10−4 − 100
TABLE I. Realistic parameter values for coherently coupled
phased photonic crystal vertical cavity lasers [34].
carrier density Zi of each semiconductor laser:
dX1
dt
= X1Z1 − ΛX2 sin θ
dX2
dt
= X2Z2 + ΛX1 sin θ
dθ
dt
= α(Z1 − Z2) + Λ
(
X1
X2
− X2
X1
)
cos θ (1)
T
dZ1
dt
= P1 − Z1 − (1 + 2Z1)X21
T
dZ2
dt
= P2 − Z2 − (1 + 2Z2)X22
Here α is the linewidth enhancement factor, Λ is the nor-
malized coupling constant, P1,2 are the normalized excess
pumping rates, T is the ratio of carrier to photon life-
times, and t is the time normalized to the photon lifetime
τp [3, 9]. In the following, we consider parameter values
corresponding to recent experiments on coherently cou-
pled phased photonic crystal vertical cavity lasers [34] as
shown in Table I.
Under equal pumping (P1 = P2 = P0), the phase-
locked states of the system (1), are given by setting the
time derivatives of the system equal to zero and their
stability is determined by the eigenvalues of the Jacobian
of the linearized system. The in-phase and out-of-phase
phase-locked modes corresponding to X1 = X2 =
√
P0,
Z1 = Z2 = 0 and θ = 0, π are known to be sta-
ble for the strong (Λ > αP0/(1 + 2P0)) and the weak
(Λ < (1 + 2P0)/2αT ) coupling regime, respectively [3].
A symmetry-breaking phase-locked state has been shown
[32, 33] to exist and to be stable for a large extent of cou-
pling coefficient values, as illustrated in Fig. 1(a), with
nonunitary amplitude ratio ρ ≡ X2/X1 and
θ = tan−1
[
1
α
ρ2 − 1
ρ2 + 1
]
(2)
X21 =
Λ sin θ(ρ2 + 1)
ρ [(ρ2 − 1)− 4Λρ sin θ] (3)
Z1 = Λρ sin θ
Z2 = −Λ
ρ
sin θ (4)
(a)
(b)
FIG. 1. (a) Stability region (blue shaded area) of symmetry-
breaking phase-locked states with electric field amplitude ra-
tio ρ for varying normalized coupling coefficient Λ. The hori-
zontal (red) lines correspond to Λ = 10−3, 10−2, 10−1, 10−0.2.
(b) Free running relaxation frequency (frel) as a function of
ρ for the aforementioned values of Λ.
The pumping rate for this asymmetric phase-locked state
is fixed at the value
P0 = X
2
1 + (1 + 2X
2
1 )Λρ sin θ (5)
A characteristic reference frequency of the system of the
coupled twin lasers is the free running relaxation fre-
quency of a single laser which is pumped with a pumping
value P0 corresponding to the asymmetric phase-locked
state (5) that is given by
Ωrel =
√
2P0
T
(6)
Since P0 depends on the coupling coefficient (Λ) and the
asymmetry (ρ) of the repective phase-locked state, the
corresponding free-running relaxation frequency varies as
shown in Fig. 1(b) for Λ = 10−3, 10−2, 10−1, 10−0.2, with
the variation with respect to ρ being more pronounced
for the highly asymmetric states in the weak coupling
regime.
It is worth emphasizing that the symmetry-breaking
phase-locked states are stable for a much larger range of
values of the coupling coefficients in comparison to the
in-phase and the out-of-phase phase-locked states. The
instability of the latter, has been a long standing issue
preventing the observation of the direct current modula-
tion response in such systems [29–31, 34].
3III. LINEAR MODULATION RESPONSE
In the following we take advantage of the explicit
knowledge of the stability domain in the parameter space
as well as the additional freedom to modulate asymmet-
ric phase-locked state in order to investigate interest-
ing features of the modulation response of this system.
The small signal (linear) modulation response to a time-
varying current
P1 = P0 + ℜ{δPeiωt}
P2 = P0 + sℜ{δPeiωt} (7)
is calculated by linearizing the system around a stable
phase-locked state, with s = ±1 corresponding to cases of
in-phase and out-of-phase modulation. By defining ~X ≡
(X1, X2, θ, Z1, Z2) and writting ~X = ~X0 + ~δX where ~X0
denotes the phase-locked state and ~δX being the small
signal response of the system, the frequency response is
obtained as
~δX = H(ω) ~AδP (8)
with ~A = (0, 0, 0, 1/T, s/T ) and
H(ω) = (iωI− J)−1 (9)
being the transfer matrix of the linear system and J its
Jacobian. Therefore, the electric field amplitude response
is given by
∣∣∣∣δXiδP
∣∣∣∣ = 1T |Hi,4(ω) + sHi,5(ω)| , i = 1, 2 (10)
Depending on the asymmetry of the modulated phase-
locked state and the value of the coupling coefficient, the
linear modulation response of the system has a rich set
of qualitative different features including asymmetric fre-
quency response of the two lasers, resonances and anti-
resonances between the two lasers as well as singificant
modulation response at frequencies far beyond the free
running relaxation frequency.
A. Strong coupling
In the strong coupling regime, the stable phase-locked
states are slightly asymmetric (ρ close to unity) in com-
parison to the weak coupling regime and the respective
free running relaxation frequencies are at the order of
GHz as shown in Fig. 1. In such cases, the in-phase
modulation response has a peak close to the free run-
ning relaxation frequency which is smaller than 1GHz,
for a coupling coefficient Λ = 10−1 (as shown in Fig.
1(b)). For the out-of-phase modulation, a sharp peak
appears at a frequency that is several times larger than
the free running relaxation frequency and its maximum
depends weakly on the asymmetry (ρ) of the modulated
phase-locked state; moreover the modulation response is
FIG. 2. Modulation response as a function of the electric field
amplitude ratio ρ for Λ = 10−1 under out-of-phase modula-
tion. The amplitude response is peaked at much higher fre-
quency than the free running relaxation frequency and weakly
depends on ρ.
FIG. 3. Modulation response as a function of the electric field
amplitude ratio ρ for Λ = 10−0.2 under out-of-phase modu-
lation. The amplitude response is peaked at much higher
frequency (beyond 100GHz) than the free running relaxation
frequency and weakly depends on ρ.
flattened between the two peaks, as shown in Fig. 2.
For even larger values of the coupling coefficient, such
as Λ = 10−0.2 and out-of-phase modulation we have the
same qualitative features, but with a resonant peak ap-
pearing at a frequency beyond 100GHz, which is more
4FIG. 4. Modulation response as a function of the electric
field amplitude ratio ρ for Λ = 10−3 under out-of-phase mod-
ulation. Sharp resonances appear for strongly asymmetric
phase-locked states, close to Hopf bifurcation points. The
resonances appear at frequencies above the free running relax-
ation frequency shown as a smoother peak in the modulation
response.
than 50 times larger than the free running relaxation fre-
quency [35], as shown in Fig. 3. As the stable phase-
locked states for strong coupling are weakly asymmetric,
with ρ close to unity, the high-frequency peaks of the out-
of-phase modulation response appear at frequencies that
are close to the analytically known frequencies [29, 30].
Ω = 2Λ+ Ω2rel/Λ (11)
Apart from the aforementioned high-frequency peaks and
the low-frequency peaks appearing at the free-running re-
laxation frequencies, the modulation response is peaked
at the zero frequency. As a result, the modulation re-
sponse drops sharply and rolls-off close to DC before be-
ing enhanced by the high-frequnecy resonance, in con-
trast to single laser modulation response that is typi-
cally flat or rising from the DC to the resonance [7, 13].
This effect, that is also typical for strong optical injection
configurations [23, 24], can be restrictive for some high-
bandwidth requiring applications and can be mitigated
by the utilization of appropriate design parameter values
[25] or frequency modulation [7].
B. Weak coupling
In the weak coupling regime, the stable phase-locked
states can be highly asymmetric, with ρ significantly
different from unity, as shown in Fig. 1(a) with their
free running relaxation frequencies beingat the order of
FIG. 5. Modulation response as a function of the electric
field amplitude ratio ρ for Λ = 10−3 under in-phase modu-
lation. Sharp resonances appear in both cases . Apart from
sharp resonances, anti-resonances appear at the amplitude re-
sponse of the first laser for strongly asymmetric phase-locked
states, close to Hopf bifurcation points. Both resonances and
anti-resonances appear at frequencies above the free running
relaxation frequency shown as a smoother peak in the modu-
lation response.
0.1GHz and depending on ρ, as illustrated in Fig. 1(b).
The amplitude modulation response of the two coupled
lasers for a coupling coefficient Λ = 10−3 is shown in Fig.
4 and 5 for the case of out-of-phase and in-phase mod-
ulation, respectively. In both case a smooth peak ap-
pears at the free running relaxation frequency and sharp
peaks appear at a higher frequency for strongly asym-
metric phase-locked modes. These modes are close to
the stability boundary (Fig. 1(a)) where a Hopf bifurca-
tion takes place [32]. For the case of in-phase modulation,
an interesting anti-resonance phenomenon is manifested
as a sharp dip in the modulation response of the first
laser, as shown in Fig. 5(a). The term anti-resonance
has been used in multiple physical systems spanning the
literature of cavity QED [36], metamaterials [37] and vi-
bration testing [38]. Uncharacteristically, it has never
called explicitly on the photonics literature of small signal
modulation of semiconductor lasers. Still a careful review
of recent work [39] and legacy literature [40] shows that
it was evident in multiple experimental and theoretical
graphs [41].
IV. CONCLUNDING REMARKS
We have considered the small signal modulation re-
sponse of the simplest coupled semiconductor laser con-
5figuration consisted of a pair of twin, equally pumped
lasers. The existence of symmetry-breaking modes hav-
ing extended stability domains in the parameter space
of the system allows for the overcoming of the restric-
tions in specific value ranges of the coupling coefficients
when the modulation of symmetric modes is considered.
Moreover, the asymmetry has been shown capable of al-
lowing for a rich set of interesting characteristics of the
modulation response such as sharp resonances and anti-
resonances as well as efficient modulation at very high
frequencies that are larger by orders of magnitude than
the free running relaxation frequency of the system. It is
worth emphasizing that these qualitative characteristics
reveal the inherent features of a symmetric system un-
der symmetry-breaking. Taking advantage of additional
freedom in the system design by considering unequally
pumped and/or detuned pairs of coupled semiconduc-
tor lasers, we can futher tailor the modulation response
profile by tuning the resonances and anti-resonances at
will, as well as flatenning the response and increasing
the bandwidth, according to characteristics desirable for
specific applications.
ACKNOWLEDGEMENTS
This research is partly supported by two ORAU grants
entitled ”Taming Chimeras to Achieve the Superradiant
Emitter” and ”Dissecting the Collective Dynamics of Ar-
rays of Superconducting Circuits and Quantum Metama-
terials”, funded by Nazarbayev University. Funding from
MES RK state-targeted program BR05236454 is also ac-
knowledged.
[1] M.B. Spencer and W.E. Lamb, “Theory of Two Coupled
Lasers,” Phys. Rev. A 5, 893-898 (1972).
[2] S.S. Wang and H.G. Winful, “Dynamics of phase-locked
semiconductor laser arrays,” Appl. Phys. Lett. 52, 1774-
1776 (1988).
[3] H.G. Winful and S.S. Wang, “Stability of phase locking
in coupled semiconductor laser arrays,” Appl. Phys. Lett.
53, 1894-1896 (1988).
[4] H.G. Winful and L. Rahman, “Synchronized Chaos and
Spatiotemporal Chaos in Arrays of Coupled Lasers,”
Phys. Rev. Lett. 65, 1575-1578 (1990).
[5] A. Hohl, A. Gavrielides, T. Erneux, and V. Kovanis,
“Localized Synchronization in Two Coupled Nonidentical
Semiconductor Lasers,” Phys. Rev. Lett. 78, 4745-4748
(1997).
[6] H.G. Winful, “Instability threshold for an array of cou-
pled semiconductor lasers,” Phys. Rev. A 46, 6093-6094
(1992).
[7] L.A. Coldren, S.W. Corzine, and M.L. Masanovic, Diode
Lasers and Photonic Integrated Circuits, 2nd edition
(John Wiley & Sons, 2012).
[8] J.A. Tatum, D. Gazula, L.A. Graham, J.K. Guenter,
R.H. Johnson, J. King, C. Kocot, G.D. Landry, I.
Lyubomirsky, A.N. MacInnes, E.M. Shaw, K. Bale-
marthy, R. Shubochkin, D. Vaidya, M. Yan, and F.
Tang, “VCSEL-Based Interconnects for Current and Fu-
ture Data Centers,” J. Lightwave Techonl. 33, 727-732
(2015).
[9] M.T. Johnson, D.F. Siriani, M.P. Tan, and K.D. Cho-
quette, “Beam steering via resonance detuning in coher-
ently coupled vertical cavity laser arrays,” Appl. Phys.
Lett. 103, 201115 (2013).
[10] S.T.M. Fryslie, M.T. Johnson, and K.D. Choquette, “Co-
herence Tuning in Optically Coupled Phased Vertical
Cavity Laser Arrays,” IEEE J. Quantum Electron. 51,
2600206 (2015).
[11] Z. Gao, S.T.M. Fryslie, B.J. Thompson, P. Scott Car-
ney, and K.D. Choquette, “Parity-time symmetry in co-
herently coupled vertical cavity laser arrays,” Optica 4,
323-329 (2017).
[12] Z. Gao, M.T. Johnson, and K.D. Choquette, “Rate equa-
tion analysis and non-Hermiticity in coupled semiconduc-
tor laser arrays,” J. Appl. Phys. 123, 173102 (2018).
[13] T. Erneux and P. Glorieux, Laser Dynamics (Cambridge
University Press, 2010).
[14] P. Acedo, H. Lamela, B. Roycroft, G. Carpintero, and
R. Santos, “High Bandwidth Small Signal Modulation
Response of Two Laterally Mode-Locked Diode Lasers,”
IEEE Phot. Techn. Lett. 14, 1055-1057 (2002).
[15] D.M. Grasso, D.K. Serkland, G.M. Peake, K.M. Geib,
and K.D. Choquette, “Direct Modulation Characteristics
of Composite Resonator Vertical-Cavity Lasers,” IEEE J.
Quant. Electron. 42, 1248-1254 (2006).
[16] S.T.M. Fryslie, M.P. Tan, D.F. Siriani, M.T. Johnson,
and K.D. Choquette, “37-GHz Modulation via Reso-
nance Tuning in Single-Mode Coherent Vertical-Cavity
Laser Arrays,” IEEE Phot. Techn. Lett. 27, 415-418
(2015).
[17] Z.X. Xiao, Y.Z. Huang, Y.D. Yang, M. Tang, and J.L.
Xiao, “Modulation bandwidth enhancement for coupled
twin-square microcavity lasers,” Opt. Lett. 42, 3173-3176
(2017).
[18] N.H. Zhu, Z. Shi, Z.K. Zhang, Y.M. Zhang, C.W. Zou,
Z.P. Zhao, Y. Liu, W. Li, and M. Li, “Directly Modulated
Semiconductor Laser,” J. Sel. Top. Quantum Electron.
24, 1500219 (2018).
[19] K.Y. Lau and A. Yariv, “Ultra-High Speed Semiconduc-
tor Lasers,” J. Sel. Top. Quantum Electron. QE-21, 121-
138 (1985).
[20] T.B. Simpson, J.M. Liu, and A. Gavrielides, “Small-
Signal Analysis of Modulation Characteristics in a Semi-
conductor Laser Subject to Strong Optical Injection,”
IEEE J. Quantum Electron. 32, 1456-1468 (1996).
[21] T.B. Simpson and J.M. Liu, ‘Enhanced Modulation
Bandwidth in Injection-Locked Semiconductor Laser,”
IEEE Phot. Techn. Lett. 9, 1322-1324 (1997).
[22] P.M. Varangis, A. Gavrielides, T. Erneux, V. Kovanis,
and L.F. Lester, “Frequency Entrainment in Optically
Injected Semiconductor Lasers,” Phys. Rev. Lett. 78,
2353-2356 (1997).
6[23] E.K. Lau, H.-K. Sung, and M.C. Wu, “Scaling of reso-
nance frequency for strong injection-locked lasers,” Opt.
Lett. 32, 3373-3375 (2007).
[24] E.K. Lau, H.-K. Sung, and M.C. Wu, “Frequency
Response Enhancement of Optical Injection-Locked
Lasers,” IEEE J. Quant. Electron. 44, 90-99 (2008).
[25] E.K. Lau, X. Zhao, H.-K. Sung, D. Parekh, C. Chang-
Hasnain, and M.C. Wu, “Strong optical injection-locked
semiconductor lasers demonstrating > 100-GHz reso-
nance frequencies and 80-GHz intrinsic bandwidths,”
Opt. Express 16, 6609-6618 (2008).
[26] L.F. Lester, N.A. Naderi, F. Grillot, R. Raghunathan,
and V. Kovanis, “Strong optical injection and the differ-
ential gain in a quantum dash laser,” Opt. Express 22,
7222-7228 (2014).
[27] P. Aleahmad, M. Khajavikhan, D. Christodoulides, and
P. LiKamWa, “Integrated multi-port circulators for uni-
directional optical information transport,” Sci. Rep. 7,
2129 (2017).
[28] G.P. Agrawal, “Coupled-Cavity Semiconductor Lasers
Under Current Modulation: Small-Signal Analysis,” J.
Sel. Top. Quantum Electron. QE-21, 255- 263(1985).
[29] G.A. Wilson, R.K. DeFreez, and H.G. Winful, “Modu-
lation of twin-emitter semiconductor lasers beyond the
frequency of relaxation oscillations,” Opt. Commun. 82,
293-297 (1991).
[30] G.A. Wilson, R.K. DeFreez, and H.G. Winful, “Modu-
lation of Phased-Array Semiconductor Lasers at K-Band
Frequencies,” IEEE J. Quantum Electron. 27, 1696-1704
(1991).
[31] E.M. Golden, “Modulation response of twin optically
coupled diode lasers,” Master Thesis, Air Force Institute
of Technology, www.dtic.mil (2008).
[32] Y. Kominis, V. Kovanis, and T. Bountis, “Control-
lable Asymmetric Phase-Locked States of the Fundamen-
tal Active Photonic Dimer,” Phys. Rev. A 96, 043836
(2017).
[33] Y. Kominis, V. Kovanis, and T. Bountis, “Spectral Sig-
natures of Exceptional Points and Bifurcations in the
Fundamental Active Photonic Dimer,” Phys. Rev. A 96,
053837 (2017).
[34] S.T.M. Fryslie, Z. Gao, H. Dave, B.J. Thompson, K.
Lakomy, S. Lin, P.J. Decker, D.K. McElfresh, J.E.
Schutt-Aine, and K.D. Choquette, “Modulation of Co-
herently Coupled Phased Photonic Crystal Vertical Cav-
ity Laser Arrays,” IEEE J. Sel. Top. Quantum Electron.
23, 1700409 (2017).
[35] Y. Kominis, V. Kovanis, and T. Bountis, Ten-Fold En-
hancement in the Small Signal Modulation of Differen-
tially Pumped Coupled Quantum Well Lasers, CLEO:
Applications and Technology, Paper JTu2A.123 (2018).
[36] C. Sames, H. Chibani, C. Hamsen, P.A. Altin, T. Wilk,
and G. Rempe, “Antiresonance phase shift in strongly
coupled cavity QED”, Phys. Rev. Lett., 112, 043601
(2014).
[37] T. Koschny, P. Marko, D.R. Smith, and C.M. Soukoulis,
“Resonant and antiresonant frequency dependence of the
effective parameters of metamaterials,” Phys. Rev. E 68,
065602 (2003).
[38] M. Dilenaa and A. Morassi, “The use of antiresonances
for crack detection in beams,” J. Sound and Vibration
276, 195214 (2004).
[39] N.G. Usechak, M. Grupen, N. Naderi, Y. Li, L.F. Lester,
and V. Kovanis, “Modulation effects in multi-section
semiconductor lasers,” Physics and Simulation of Opto-
electronic Devices XIX 2011, International Society for
Optics and Photonics 7933, 79331I (2011).
[40] L.A. Glasser, “A linearized theory for the diode laser in
an external cavity,” IEEE J. Quantum Electron. QE-16,
525-531 (1980).
[41] M. Pochet, N.G. Usechak, J. Schmidt, and L.F. Lester,
“Modulation response of a long-cavity, gain-levered
quantum-dot semiconductor laser,”. Opt. Express. 27,
1726-1734 (2014).
